MORE ON SUPER-REPLICATION FORMULAE 

CHANG HEON KIM AND JA KYUNG KOO 

Abstract. We extend Norton-Borcherds-Koike's replication formulae to super-replicable 
ones by working with the congruence groups T\(N) and find the product identities which 
characterize super-replicable functions. These will provide a clue for constructing certain 
new infinite dimensional Lie superalgebras whose denominator identities coincide with 
the above product identities. Therefore it could be one way to find a connection between 
modular functions and infinite dimensional Lie algebras. 



1. Introduction 

Let M be the monster simple group whose order is approximately 8x 10 53 . In 1979, Mckay 
and Thompson ([15]) found some relations between the monster group and elliptic modular 
function J. Let /, be the degrees of irreducible characters of M (i.e. fi = 1, / 2 = 196883, 
/ 3 = 21493760, etc) and J = j - 744 = q- 1 + + 196884g + • • • = q- 1 + + J2 n >i °n€ be the 
elliptic modular function (called the modular invariant). Then it was noticed that q can 
be expressed as a linear combination of f/s. For example, C\ — j\ + / 2 , c 2 = fi + f 2 + /3, 
C3 = 2/1 + 2/2 + /3 + /4, etc. Based on their observation, Mckay and Thompson conjectured 
the existence of a natural infinite dimensional representation of the monster, V = © ngZ V n 
with dim(\4) = c n . Thompson ([IB]) also proposed considering, for any element g 6 M, 
the modular properties of the series 

T g (q) = q- 1 + + J2M9\Vn)q n 

n>l 



Supported by KOSEF Research Grant 98-0701-01-01-3 
AMS Classification : 11F03, 11F22 

1 



(the Thompson series) where q = e 2mz with Im(z) > 0. And Conway and Norton ([3|) 
conjectured that T g (q) would be a Hauptmodul for a suitable genus zero discrete subgroup 
of SL 2 (R). 

Now we shall explain the notion of a Hauptmodul. Let 9) be the complex upper half 
plane and let T be a discrete subgroup of SL 2 (M). Since the group T acts on by linear 
fractional transformations, we get the modular curve X(T) = T\S)*, as a projective closure 
of the smooth affine curve T\Sj. Here, fj* denotes the union of Sj and P 1 (Q). If the genus 
of X(T) is zero, then the function field K(X(T)) in this case is a rational function field 
C(jr) for some modular function jr. If the element ( J \ ) is in V, it takes z to z + 1, and 
in particular a modular function / in K(X(T)) is periodic. Thus it can be written as a 
Laurent series in q = e 2mz (z G f)), which is called a q-series (or q-expansion) of /. We 
call / normalized if its g-series starts with q~ x + + a\q + a 2 q 2 H — ■ . By a Hauptmodul t 
we mean the normalized generator of a genus zero function field K(X(T)). 

In 1980s Frenkel, Lepowsky and Meurman ([5], constructed an infinite dimensional 
graded representation V = © neZ V n of M with dim(V^) = c n using vertex operator algebra, 
which comes from the space of physical states of a bosonic string moving in a Z2-orbifold of 
a 26-dimensional torus. In 1992 Borcherds ([2]) proved the Conway-Norton's conjecture by 
using a recursion formula derived from the twisted denominator formula of a generalized 
Kac-Moody Lie algebra with some group action. Here, we shall investigate some properties 
of the twisted denominator formula. 

Put t = T g and t« = T gi . Let H n = Tr(g\V n ) and H$ = Tr(^|K)- Also let X n {t) be 
the Faber polynomial of t such that X n (t) = \q~ n mod [[<?]] (jl], Chapter 4) and write 
X n (t) = \q~ n + Xlm>i Hrn,nq m - Then the Borcherds' twisted denominator formula is 

p- 1 J] exp(- -H^q sm p sn ) = t(p) - t(q) 

™>o S >1 
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where p = e 2my and q = e 2mz with y, z G $). Moreover it is not difficult to show that the 
above is equivalent to 

ad—n > ' 

0<b<d 

By comparing g m -terms on both sides we obtain 

H - V H (s) 

s\(m,n) 

which is equivalent to 

H a b = H c d whenever (a, b) = (c, d) and ab = cd (see [TT|). 

When t = — |- X! m >i H m q m is a formal power series with integer coefficients, we call t 
replicable if it satisfies if a! fc = H c ^ whenever (a, 6) = (c, <i) and a& = cd. One then has the 
following equivalent conditions which characterize replicable functions (see [7j, also pQ, ^1] 
and [Hj for (a) <^> (b)). 

(a) t is replicable. 

(b) for each s > 1 there exists a normalized g-series 

* (s) = ~ + E m >i #™9 m such that 
t« = f, and X„(t) = n" 1 ]T f« (^^) • 

ad—n > ' 

0<b<d 

(c) for every s > 1 there exists a normalized g-series 

t(s) = I + E m >i H ™q m such that 
p- 1 J] exp(- £ -H^ n q sm p sn ) = t(p) - t(q) 



s 

n>0 S >1 

mGZ 



where p = e 2my and q = e 2mz with y,z G fj. 

We note that when t is the Thompson series, the product identity (c) coincides with the 

Borcherds' twisted denominator formula. 

Let t be a replicable function. According to Norton's conjecture (|13|) t is a Haupt- 

modul for some modular curve X. Let X be a double covering of X with genus zero 

and t be the Hauptmodul for X. It is natural to ask what sort of relations to and t 
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satisfy. As before we write t = ± + J2 m >i h m q m (resp. t = - q + J2 m >% H m q m ) and 
X n (to) = \q~ n + E m >i hm, n q m (resp. X n (t) = \q~ n + £ m >i H m>n q m ). We propose to call 
t super-replicable with respect to a replicable function i and a character ip if the following 
formula holds 

if>(a, b) x (2H a>b - h a>b ) = ip(c, d) x (2H c4 - h c4 ) 

whenever (a, b) = (c, rf) and a& = cd. Observe that if H a b = h a ^ and ip is the trivial 
character, then the above identity reduces to the replicable one. 

Let ri(JV) = {(cd) SL 2 (Z) | c = mod N,a = d = 1 mod iV} and Xi(JV) = 
ri(iV)\i5*, and let r (JV) = {( % h d ) G SL 2 (Z) | c = mod N} and X (iV) = T (N)\9j*. 
According to [Hj, [E] the genus of Xi(N) is zero if and only if 1 < N < 10 and N = 12. 
When N G {5, 8, 10, 12}, Xi(iV) becomes a double covering of X (A r ). Let t (resp. to) be 
the Hauptmodul of Xi(N) (resp. X (N)) for such N. We proved in 0, Corollary 11 that 
for positive integers a, b, c, d with afe = erf, (a, 6) = (c, rf) and (b, N) — (rf, N) — 1, 

where ip^ : (Z/iVZ) x — > {±1} is a character defined by 




if 6 = ±1 mod X 
1, otherwise. 



In this article we refine the above to discard the condition (b, N) = (d, N) = 1 and show 
that each Hauptmodul t is in fact a super-replicable function with respect to a replicable 
function to and some charcter ip (Theorem 1^ HTl and Hlj) . And, in Theorem |H1 we give a 
criterion which characterizes super-replicable functions. 
Through the article we adopt the following notations: 

• f(z) = g(z) + 0(1) means that f(z) — g(z) is bounded as z goes to zoo. 
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2. Super-replication formulae 

Let A" be the set of 2 x 2 integral matrices ( " b d ) where a G 1 + iVZ, c G iVZ and 
ad — be = n. Then A n has the following right coset decomposition: (See [TO] . [T2*] . |14j ) 

2-1 



a|n «=0 
(a,7V)=l 



where a a G SX 2 (Z,) such that cr a = ( "q 1 ° ) mod AT. For a modular function / we define 
the Hecke operators U n and T n by 



n-l 



i=0 

and 



/k=»-' £ E/U 5 4)- 

a|n i=0 v a ' 
(a,N)=l 

Notice that if n divides a power of N, then f\u n = /|t„- 



Lemma 1. // / zs invariant under Ti(N) and 70 G r (A r ) ; i/ien (/|t„)Itq = (/Ito)!^ / or 
any positive integer n. In particular, /|y„ again invariant under T\{N). 



Proof. 0, Lemma 7. □ 
Let t (resp. t ) be the Hauptmodul of Ti(iV) (resp. T Q (N)). 

Lemma 2. For ( " ^ ) G r (iV) ; we /tcroe 

X r (t)\ ( ab\ = \{^ N {d){2X r {t) - X r {t )) + X r (t )} + c 

\ c d ) Z 



wi/i c 



0, i/d= ±1 mod 12 

X r (i)(a/c), otherwise. 



Proof. Observe that 

X r (t)\ ab +X r (t) = l 2Xr{t) > Xd = ±l mod TV 

r (cd) r 1 X r (t ) + X r (t)(a/c), otherwise. 

In the above, when d is not congruent to ±1 mod N, X r (t)\/ a b \ + X r (t) is invariant 

V c d I 

under T (N) and has poles only at r (iV)oo with r~ 1 q~ r as its pole part. This guarantees 
the above equality. Now the assertion is immediate. □ 



Lemma 3. Let N e {5, 8, 10, 12} and p be a prime dividing N. Except the case N = 10 
andp = 2, we have 2X pn (t)\ Up - X pn (t )\ Up = ±(2X n (t) - X n (t )). 

Proof. First we observe that all functions in the assertion are invariant under Ti(N). 
By definitions, X n (t) (resp. X n (t )) can have poles only at Fi(iV)oo (resp. r (iV)oo) and 
X P n{t)\ Up (resp. X pn (t )\ Up ) can have poles only at ( J * ) _1 ri(iV)oo (resp. ( J * ) _1 r (iV)oo) 
for % — 0, • • • ,p — 1. On the other hand, we have 

(opT* r (iv)oo = p- 1 ( 1 7 ) r (iv)oo ~(ST)(S?) r (iv)oo 

~(g?)r (7V)oo 

where the symbol ~ stands for a Y\ ( iV)-equivalence of cusps. Let ( a c b d ) be an element in 
T (N). Then ( £ ° ) ( « J ) oo = ^ in lowest terms. Write c = N ■ (pk + /) with fc e Z 
and / G {0, • • • ,p — 1}. We then readily see that ^ = ^ • I mod TV, which implies 

( c/p ) = ( (iv/p)* ) mod TV. 

We claim that for / > 1, ~ for some j in X X (N). In fact, ~ 

for some j in X 1 (N) •<=>- ± ( (n/ p )i ) = ( l+ (N/p)j n ) moc ^ ^ f° r some n ^ a = 

l+(N/p)jn mod iV where j = / or p—l •<=>- ((N/p)j, 7V)|±a— 1 •<=>- (N/p)\a— 1 or a+1 

for a prime to AT, which is clear from the following table: 
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N 


V 


N/p 


a 


5 


5 


1 


1,2,3,4 


8 


2 


4 


1,3,5,7 


10 


5 


2 


1,3,7,9 


12 


2 


6 


1,5,7,11 


12 


3 


4 


1,5,7,11 



Now we consider the pole part of X pn (t)\ Up at the cusp for j = 1, • • • ,p — 1 



p ■ (X pn (t)\ Up )\ ( io 



p-1 
i=0 



p-1 



op 



1 

(N/p)j 1 



i=l 



-(N/p)ji 
Nj 



p-1 



(^pn(^)|/ ^1. 0|/ 1 \ 



(i) 

Similarly 



Nj 1 J V u V 

p-1 



i=l 



l+(N/p)ji i 
Nj p 



{N/p)ji i 
Nj p 



(2) p • (X pn (t ) | Up)\( 1 \ = Xpn^o) ( - ) + X pn (t ) | / 

I 1 j VP/ ^ ( 



(jV/p)ji j 
Nj p 



Here we consider the matrix M,- 



l+(N/p)ji i 
Nj p 



where i runs through 1, 



,p — 1. Write 



it as 7jWj where 7$ G SX 2 (Z) and Wj is an upper triangular matrix. Since det 7jWi = p, 
PVj must be of the form (oi) or (op)- ^i- (01) < ^ = ^ > P divides both 1 + (N/p)ji and 
Nj •<==>■ p divides 1 + (N/p)ji. Wi — (hp) -<==>■ P does not divide 1 + (N/p)ji •<=>- 

7,. e r (iV). 

Case I. JV = p = 5 

{ji mod 5\i = 1,2,3,4} = {1,2,3,4 mod 5} 

{l + (N/p)ji mod 5|i = 1,2,3,4} = {2,3,4,0 mod 5} 

Three of 7j's belong to To (5) and one of them belongs to ±1Ti(5). Thus the formula 
(U) = 3jZ x 2 + 0(1) and the formula © = ^ X 4 + 0(1). 
Case II. JV = 8 and p = 2 

i = j = 1 and {1 + (N/p)ji mod 2} = {5 mod 2} 



ji belongs to r (8)\ ± T 1 (8). Therefore © = 3— + 0(1) and © = 3— x 2 + 0(1). 
Case III. JV = 10 and p = 5 

{ji mod 5\i = 1,2,3,4} = {1,2,3,4 mod 5} 

{l + {N/p)ji mod 5|z = 1,2,3,4} = {3,5,7,9 mod 5} 

Three of 7j's belong to To(5) and one of them belongs to ±r\(5). Hence © = x 2 + 
0(1) and © = ^x4 + 0(l). 
Case IV. iV = 12 and p = 2 

i = j = 1 and {1 + (N/p)ji mod 2} = {7 mod 2} 

7i belongs to T (12)\ ± ^(12). It then follows that © = £j + 0(1) and © = 
^ x 2 + 0(1). 

pn \ ' 

Case V. N = 12 and p = 3 

{ji mod 3 1 z = 1, 2} = {1, 2 mod 3} 

{l + (N/p)ji mod 3|z, j = 1,2} = {5,9 mod 3} 

Exactly one of ^'s belongs to T (12)\ ± ri(12). We then have © = ^ + 0(1) and 
= ^x2 + 0(1). 

Hence we have the following list of the pole parts. 





ri(A^)oo 


T Q {N)oo\±V 1 {N)oo 


(N/p)j (P ^ 5 ) 


(N/p)j (P ~ 5 ) 


X pn (t)\ Up 


q -n 
pn 


X 


p 2 n 


V x 2 


X pn (t )\u p 


q~ n 
pn 


T" 
pn 


V x 2 


V x 4 


x n (t) 


q-n 
n 


X 


X 


X 




q- n 
n 


all 

n 


X 


X 



From the above we see that f{z) = 2X pn (t)\ Up - X pn (t )\ Up - ±(2Jf„(t) - X n (t )) has no 
poles. At oo the Fourier expansion of f(z) has no constant term. Thus f(z) is identically 
zero. □ 
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Write t = \ + J2 m >i h mq m and t = \ + E m >i H m q m - Also write X n {t ) = ±q~ n + 
Em>i h m , n q m and X n (t) = ±gr« + E m >i #m,n? m . 

Theorem 4. Lei A/" = 5, 8 and p = 5 or 2 according as N = 5 or 8. Lei a, 6, c, (i 6e positive 
integers such that ab = cd and (a, b) = (c, d). Assume that p k \\{a, b). Then 

tp(a, b) x (2H a>b - h a>b ) = ip(c, d) x {2H c>d - h c>d ) 

where ijj is defined by 

. 1, if a/p k ( or b/p k ) = ±1 mod iV 
■1, otherwise. 



Proof. If k = 0, then the assertion is immediate from (*). Assume > 1. By Lemma 
El 2X b (t)\ Up -X b (t )\ Up = ±(2X b / p (t) -X b / P (t )). Comparing the coefficients of <f /p -terms 
on both sides, we obtain 2H a>b - h a>b = ±(2H a/Pjb / p - h a / Pib / p ). By induction 2H af) - h a , b = 
pis (2Ha/p k ,b/p>° ~ ha/ P k ,b/p k )- m a similar manner, 2H cd — h Cjd = p i;{2H c / p k ]d / p k — h c / p k :d / p k). 
Therefore, again by (*), the theorem follows. □ 



Lemma 5. Put F m ^ n = ip(m,n) x {2H m ^ n — h m ^ n ). The following two conditions are 
equivalent: 

(i) If ab = cd and (a, 6) = (c, d), then F a>b = F Cjd . 

(ii) For any positive integer s, there exists an integer Fm (0 < m & Z) such that 
F^ = 2H m - h m and F m>n = J2 s \(m,n) l F mn/ s 2- (Convention: when a summation runs 
over the divisors of a number, these are considered to be positive.) 



Proof, (ii) =^> (i) clear. 



9 



(i) =>- (ii) Let F be a numerical function. If we define / by f(n) = J^^n^i^F^n/d) 

(n = 1, 2, 3, • • • ), then by the Mobius inversion formula F(n) = Yld\n f( n /d) f° r an n E Z. 

The converse holds, too. For a fixed mn, F m ^ n can be viewed as a function of (m,n). 

Define F^ = s ■ J2d\s M^)-^m,n for s, k > 1 where we choose m,n so that mn = s 2 k and 

(m,n) = s/d (e.g. m = s/d and n = (s/d) ■ d 2 k). Then by the condition (i), i 7 ^ is 

well-defined and Fm = 1 • • -F m ,i = 2if m — /i m . Here ^(m, 1) = 1 for AT = 5, 8 (as 

described in Theorem HJ). If = 10 or 12, then -?/>(m, 1) will be defined to be 1 (see §3 and 

F aib , if ab = mn and x = (a, b) 
0, otherwise. 

Then Es|( m ,„) 1 F H/ S * = £s|(m,n) 7 ' s ' E d | s M^f = £«|("v0 J2 d \ s v(d)F(s/d) = 

F{{m,n)) = F m , n . □ 



j4). Define a map F : N -> C by F(x) 



Remark 6. For a negative integer m and a positive integer n, we define 

1, if m = —n 



0, if m ^ — n 



Fm,n 1:'(jfl. nj H m n h m n 

and 

p(-) = / 1 ' ^ m = " 1 
[0, ifm<-\. 

Then Lemma^ (ii) can be extended to all m e Z. 

Proposition 7. Le£ p = e 27n?/ and g = e 2mz with y,z £ $). Then Fm satisfy the following 
product identity: 

exp ( - 2^ ( — Y s ) q P I = ^ ~ ^ q) - 



n>0 \ S >1 



Proof. Note that X n (t) can be viewed as the coefficient of p n -term in — logp — log(t(p) — 
t(q)) (see [T^]). Thus logp -1 — ^2 n>0 X n (t)p n = log(t(p) —t(q)). Taking exponential on 
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both sides, we get 



n>0 



(3) p" 1 exp(- J2 Xn(t)p n ) = t{p) ~ t(q). 

On the other hand, 

E x n {t)v n = E E H ^ m v n = E E nwt> "^ T "^ o' 

n>0 meZ 

>(m,n)F (s) , 2 + /i (s) , 

r v ' / mn/s A mn/ 



?/;(m,n)Fm,n + ^m,n ,,,„,,„ 
2 

n>0 n>0 meZ n>0 meZ 

1/1(1/ I I I I 

EE E 



n>0 meZ s|(m,n) 



EEE 



^(sm, sn)Fmn + h 



2s 



(s) , «,(«) 



2s 



qSrripSn 



n>0 mSZ s=l 

By plugging the above into © we obtain the desired product identity. □ 



Theorem 8. (Characterization of super-replicable functions) Let t = - + E^ m>1 H m q m be 
a normalized q-series . The fallowings are equivalent. 

(a) t is super-replicable with respect to t = - + Y2 m >i hmq" 1 and a character ip. 

(b) for any s > 1 there exists a normalized q-series 

F(s) = \ + E m >i F m<T such that 

F« = 2t-t and 

(2X n (t) - X n (t ))v> = n~ l E ^ (a) 

ad— n 
0<6<d 

where the notation {2X n {t) — X n {t ))^p is used to mean a q-series ^2 m&z 4 , (m,n)(2H mtn — 

IL m,n) L l 

(c) far every s > 1 there exists a normalized q-series 

F{S) = \ + Em>l F ™<l m SUck tkat 

exp I - E — Ys q P = ^ ~ ^ 

™>0 \ 8 >1 V ~ ' / / 

mGZ 

where p = e 2my and q = e 2mz with y,z € Sj. 

n 



az + b 
d 



Proof. The equivalence of (a) and (b) follows from Lemma El And Proposition [7| yields 
that (a) implies (c). 
(c) (a) 

The identity in (c) can be rewritten as 



„ / ^ f^(m,n)F {s) l2 + h {s) /2 \ \ 

p-'Uexpl- £ m f — — W \=m-t{ q ) 

™>° \ sl(m.ra) V S / ) 



On the other hand, t(p) - t(q) = p 1 exp(- J2 n>0 X n (t)p n ) = p 1 exp(- ^ ™>o H m ^ n q m p n ). 

""£ 2 m " /a2 l which im P lies Tp(m,n)(2H m!n - 

h m ,n) = Yl s \(m,n) ^mn/s 2 Decause h is replicable. The last identity then yields (a). □ 



3. The case N = 12 



Lemma 9. For odd r, 

(i) {X r {t)\ U2k )\ {ll) 

(ii) (*r(t)|r/ 2 J|(io) 



\o(i), 

(0(1), 

ic r + o(i), 



ifk = l 

otherwise 



(-!)*<' 
2 k r 



+ 0(1), 

12 



ifk = l 

ifk = 2 
ifk = 3 
zfk>4. 



Proof, (i) First, note that X r (t)\^ 1 o \ is holomorphic at oo because X r (t) has poles only 
at the cusps Ti(12)cxd. Now for k > 1, 

W*)kJi(io) = ((X P (t)| t , afc _ 1 )| t/a )l( 10) 

= 2 (^Wl^-J l( J o )( i o ) + ^ (*■(*) lo^) l( ii )( i o ) 

= 2 (Mt)\u 2k J l( i § )( i o ) + g (^(t)!^) | ( r 4 )( i -i } 

= \ (Xr(t)\u 2k ^) (f) + \ ((X r (t)\ { 7 4 )) 1^) | ( i -i ) by Lemma □ 

= |^ 2 - r + 0(l), if A: = 1 
1 0(1), otherwise. 

(ii) We observe that X r (t)\( 1 o ) G 0(1). And for fc > 1, 

(4) W0lOl(5^ = (W^i)Wl(JS) 

= 2 l( jo )( io ) + i (X r (t)\v 2h ^) l( i i )( i o ) 

= 2 (^Wl^-J l( i o )( i o ) + 2 (^rWI^-x) l( I 2 )( o i ) 



has a holomorphic Fourier expansion if k = 1. Thus we suppose k > 2. We then derive 
that 



W)Wl(ii) = (WWWl(ii) 



1 



2 (^Wl^-J l( io )( n ) + 2 (^(Ol^-J l( 1 1 )( 1 1 ) 

= 2 (^Wl^-J l( 1 § )( 2 1 ) + ^ (Xr(t)\u 2k _ 2 ) l( 11 = 1 )( 1 )( 1 1 ) 

= 2 (^WI^- 2 ) l( io )( g i ) + 2 ( X r(t)\u 2k _ 2 ) l( i o )( i i ) • 

If we substitute the above for (JH), we get that for k > 2, 
(5) 

(X0Ok 2fc ) 1(10) 

= \ (Mt)\u 2k ^) |( 1 )( 1 ) + \ {X r (t)\u 2h _ 2 ) | ( 1 o )( 1 1 )( 2 ) + \ (Mt)\u 2k _ 2 ) | ( i o )( 2 1 )( 2 

111 

= 2 (Mt)\u 2k ^) l( 1 ? )( 1 ) + i {X r (t)\ U2k _ 2 ) | ( i o )( 2 l ) + - (X r (t)|a 2fc _ 2 ) l( 1 )( 4 1 ) • 
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When k = 2, 

(*r(t)k)|(10) = \(Mt)\u 2 )\(10 ) (|) +^r(t)|(10) ( Z + ^) + J*r(t)|( 1 ) (4* + 1) 

= l ft - p + 0(l) by(i). 
If Jfe = 3, 

(X r (t)|{7 8 ) 1(10) 

= ^(*)k)l(10) (f)+^Wt)|lT a )|(10) ^+0+^(^r(t)k a )|(lO)(42+l) 

= e -*<*+3> + 0(1) = — q 2 ~ r + 0(1) by (i) and the case k = 1 in (ii). 
8r 8r 

For fc > 4, we will show by induction on k that 

(6) W)kJI ( i S) = (-l) fc ~.g-^ + 0(l). 

First we note that by (i) and J5J) 

(*r(f)lO l(J0) = | (X r (t)|^_ a ) | ( i o } (4z + 1) + 0(1). 

If jfc = 4, 

(Xr(*)lO l( J § ) = i (^r(t)|t^. a ) l( 1 )(4Z + 1) + 0(1) 

= -L e -f(^+Vr + 0(1) by the case k = 2 
lor 

= £-«- r + o(i). 

Thus when /c = 4, © holds. Meanwhile, if k — 5 then we get that 

(XrWIifc) l( i o ) = | (^(t)!^) l(io)(4z + l) + 0(1) 

• < — f 

= l _ e -^z+l)r + by cage k = 3 

= (- i )-£-^- 2r +o(i). 
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Therefore in this case © is also valid. Now for k > 6, 



(Mt)\u 2k ) l(io) = - {X r (t)\ U2k _ 2 ) | ( x o ) (iz + 1) + 0(1) 



by induction hypothesis for /c — 2 

(-D'-£-<r 2 " r + o(i). 



This proves the lemma. □ 



For a modular function / = Ylm& a n1 n an< ^ x( n ) — ( — ) (the Jacobi symbol), the twist 
of / by X is defined by f x = £ ngZ a„ X (n)g" = ^(/(s + 1/4) - /(* + 3/4)) (see [101, PP- 
127-128). 

Lemma 10. For odd r, 

(X r (t)\u 2k ) x (z) = (-l) k -i-*- 1 ■ ±(X# r (t){z)-X» r (t)(z+l/2)). 



Proof. Denote the right hand side by g{z). We observe that g(z) = (— l) fc • i r 1 • 
(X 2 k r (t)(z) - X 2 k r (t)\ U2 (2z)). Thus g(z) G Kpfi(24)). In the proof of 9J, Lemma 15 and 
16, it is shown that for / G A"(Xi(12)) and ( ^ ) G r (12) such that (/ - c)|( a & ) = 
(-)■(/ — c) with some constant c f x belongs to K{Xi(2A)). And it is also proved there 
that for ( « Jj ) G r (24), /*!(»&) = ("l) c/24 • (^|) • /*■ We take X r (t)\ Uah in place of /. 
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Then we derive that for ( " h d ) G r (12), 



(X r (t) | U 2 J | ( a b ) = (X r (t) | ( a b ) ) | ^ = ^ {^12 (<*) (2X r (t ) - X r (t ) ) + X r (t ) } | ^ + C 



with c 



0, if d = ±1 mod 12 

X r (t)(a/c), otherwise 
by Lemma Q and El 



0i2(d)-Xr(£)|i/ k + c o since X r (t )|c/ 2fc = by [TT], Theorem 3.1 Case V 



- ) Mt)\u 9k + c . 



Thus (X r (t)|[/ 2& — Co/2) | ^ a & j = (I) ■ (X r (t)|{7 2fc — Co/2), which leads to the fact that 
(Mt)\u 2k ) x e K(X 1 (2A)) and for ( • * ) e r (24), 



(7) (X r (t)\u 2k ) x \ { ab d) = (-l) c/24 • (^j ■ (Mt)\ U2k ) x . 

Here we note that both (X r (t) \u 2k ) x an d g sit in K(Xi(2A)). As for the equality (X r (t)\u k ) x z 
g, it suffices to show that {X r (t)\u 2k ) x — g has no poles in Sj*. By the same argument as in 
0, Lemma 18, {X r (t)\u k ) x — g can have poles only at the cusps which are equivalent to 
1/12 and 5/12 under r\(24). 
At 1/12, 



{Xr{t)\u 2k ) x 1(10) = ^ {Mt)\ uA 41 )( 10 r X r {t)\ uA 43 )( 1 ) 

= 7=1 ( x ^ (t)l M 3 1 )( o 6 i ) ~ X ^ }I M I :} )( § J ) 



h ( Xr(t)l M 3 1 )( o 6 i ) ~ X ^ }I M IS :i )( S S )( 8 5 
/== (*' (t)l M I ? ) (16z + 1} - Xr(t)l M S ? ) ( 4z + 1 
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which is, by Lemma OH equal to 

' 7 L_(_l. e -mr(4*+V2) +0 ( 1 )) j ifjfe = l 

< 7=(ie-f^ +1 )+0(l)), if k = 2 

* 7=1 (£ • z- r e- mr ( 162+1 ) + 0(1)) , if = 3 

k 7=1 (^"^ 2fc " 4 ( 16z+1 ) + 0(1)) , if k > 4 

= ("I)' " i^- 1 ■ -L- ■ g -r-2» + 0(1) for fc > 1. 

On the other hand, 

g\ { i o ) = (-i) fe ■ r*- 1 ■ 1 ■ (x 2fcr (t)| ( i S) - X 2 , r (t)| ( g i )( i o )) 

= (— 1)* ■ Z _r_1 ■ - ■ [X 2 k r (t) - X 2 ft r (t)|^ 7 2 4 ^ 2 -1 )J 

= ("!)*• i"^ 1 - 2^ • 9-^ + 0(1)- 

At 5/12, 

{Mt)\u 2k ) x |( 5 2 ) = {Xr(t)\uJ x |( -19 2 )( 1 ) 

= ("I) • (Xr(t)\u 2k ) x | ( io) = (-l) fe+1 • ■ <T* + 0(1). 

And 

S|( 5 2 ) = (-1)^ • 1 • - • (X 2kr (t)\ { 5 2)- X 2fcr (t)| ( 2 l ) ( 5 2 )) 

= ^ ■ ^ \ ■ & i ) - X * (t) '( g=i)( 11 )) 

= ■ i- r ~ X ■ \ ■ X*r®\( 2i) + 0(1) = (-l) fc+1 • i— 1 ■ -ij- • <T^ + 0(1). 

This implies that (X r (£) | ^ J — (7 has no poles, as desired. Now the lemma is proved. □ 
Let a and b be positive integers. We define ip(a,b) as follows. First we assume that 

(6, (a, &)) = !. 



Case I: a odd and b odd. 

V»(o,6) = 



1, if a = ±1 mod 12 or 6 = ±1 mod 12 
•1, otherwise. 



Case II: a even and 6 odd. Write a = 2 k n with n odd. 

V»(a,6) = 



Vi 2 (6), if (6, 6) = 1 

(— l) k ■ i b+1 ■ x( n ) ' ^i2(w), otherwise 



where x(n) = (ir)- 
Case III: a odd and b even. 
Put ^(a, b) = ip(b, a). 



In general, let 2 a 3 /3 ||(a, 6) and define ip(a,b) = i>(- a 



Theorem 11. Let N = 12. = cd and (a,b) = (c,d), then 

ip(a, b) x (2H a>b - h a ,b) = ^(c, d) x (2F Cjd - /i e 



Proof. Let 2 Q 3 /3 1 1 (a, 6) = (c, d) . By Lemma El 



2H a)b - h ab = — g(2F « & - hab 



and 



2H c ( l — /i c ,d — 77 (2ff e d — h_c d ) ■ 

Thus we may assume that (6, (a, 6)) = (6, (c, d)) = 1. 
Case I: a odd and 6 odd 

In this case (a, 12) = 1 or (6,12) = 1. And (c, 12) = 1 or (d, 12) = 1. Therefore the 
assertion follows from (*). 
Case II: a even or b even 
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Since ip(a,b) = if>(b,a), H a b = H^ a and h a ,b = ^6,aj we ma Y assume that a even and 6 
odd (resp. c even and o? odd). Write a = 2 k ■ a' with a' odd (resp. c = 2 fc ■ d with c' odd) 
and k > 1. By Lemma ITU1 it holds that 

(X fc (t)|^) x (z) = (-l) fc • i" 6 " 1 • \{X 2H (t){z) - X^(*)(* + 1/2)). 

Comparing the coefficients of g a '-terms on both sides, we obtain that x( a ')H 2 k a ^ b = (— l) fc • 
■ H a , 2 k b . Since h 2 k a i b = h a i 2 *& = by [TTj . Theorem 3.1 Case V, we end up with 
x (a')-(-l) fe -i 6+1 -(2 J ff a>6 -/ ia)6 ) = 2^ a , j2fc6 -/i a , i2fcb . Similarly, X (c')- (-l) k -i d+1 - {2H c4 -h c4 ) = 

If (b, 12) = (of, 12) = 1, then by (*) 

012 (6) x (2/T 0)6 - ha,b) = ^u(d) x {2H Cyd - h c>d ). 

Here we note by definition that ipi 2 (b) = if>(a, b) and if)\ 2 {d) = if)(c, d). 
If (b, 12) = 1 and (d, 12) ^ 1, then (c', 12) = 1. Again by (*) 

if> 12 (b) x (2H Qjh - h a ,b) = ^12 (c) x {2H d2 k d - h d2 k d ) 

= {-l) k ■ i d+1 X (c')^ 12 (c') ■ (2H c , d - h c4 ). 

Now the assertion follows from the definition of if). In the remaining cases (i.e. (b, 12) ^ 1 
and (d, 12) = 1 or (b, 12) ^ 1 and (d, 12) 7^ 1) the same argument leads to the assertion. □ 



4. The case N = 10 

Throughout this section we make use of the following notations. 
t: Hauptmodul of 1^(10), t^ 2 ': Hauptmodul of 1^(5) 

(2) 

to'- Hauptmodul of r (10), t . Hauptmodul of r (5) 
Lemma 12. 2X 2n (t)\ U2 - X 2n (t )\ U2 = \{2X n {t^) - X n (t { ^)) + \{2X n {t) - X n (t )). 
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Proof. First we notice that all functions in the assertion are invariant under Ti(10). Now 
we investigate their possible poles. 

X n (t^) (resp. X n (t^)) can have poles only at Fi(5)oo (resp. r (5)oo). And X n (t) (resp. 

X n {to)) can have poles only at 1^(10)00 (resp. r (10)oo). Furthermore X 2n (i)|(y 2 (resp. 

X 2n (to)\u 2 ) can have poles only at ( J l 2 ) _1 r^lO)^ (resp. ( q \ )~ x r (10)oo) for i — 0, 1. 

Then, up to Fi(10)-equivalence, 

cusps in ri(5)cxD are equivalent to 1/5 or oo, 

cusps in r (5)oo are equivalent to 1/5 or 2/5 or oo or 3/10, 

cusps in r!(10)oo are equivalent to oo, 

cusps in r (10)oo are equivalent to oo or 3/10, 

cusps in ( J 2 ) _1 ri(10)oo are equivalent to 1/5 or oo, and 

cusps in ( J 2 ) _1 ro(10)oo are equivalent to 1/5 or 2/5 or oo or 3/10 (see the proof of 
Lemma EJ) ■ 

By investigating the pole parts at the cusps mentioned above we have the following table: 





oo 


3/10 


2/5 


1/5 


X2n(t)\u 2 


q- n /{2n) 


X 


X 


q- n /(An) 


X2n(to)\u 2 


q- n /(2n) 


q~ n /(2n) 


q- n /(4n) 


q~ n /{An) 




q- n /(4n) 


X 


X 


q- n /(4n) 


\X n (t ( Q } ) 


q- n /(4n) 


q- n /(An) 


q- n /(4n) 


q- n /(4n) 


jX n (t) 


q- n /(4n) 


X 


X 


X 


jX n (t ) 


q- n /(4n) 


q- n /(An) 


X 


X 



It then follows that X 2n (t)\u 2 — \X n {t^) has poles only at oo with q n /(4n) as its pole 
part. Thus 



x 2n (t)\ U2 - 1 -x n (t^)= 1 -x n (t). 
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And X2n(to)\u 2 ~ \X n (t^) has poles only at oo and 3/10 with q n /(An) as its pole parts. 
Therefore, 

(9) X 2n (t )\ U2 — -X n (tjp) = -X n (t ). 

Now subtracting Q from two times the equality (jHJ) leads us to the conclusion. □ 



Let xo be the trivial character mod 2, i.e. Xo(^) 



0, if n is even 

1, if n is odd. 

For a modular function / = J2n&z a nQ n , we define its twist by f Xo = ^ ngZ a n xo(n)q n . Then 



it is easy to get f XQ = f- f\ U2 (2z) = |(/ 



2 1 
2 



Lemma 13. For an odd positive integer r, 

(10) [(2X r (t) - X r (t ))\u 2k ] X0 = (-l) k [2X 2kr (t) - X 2kr (t )} X0 . 



Proof. Since t is replicable, it follows that for odd m, h 2 k mr = h m2 k r , whence [X r (t ) \u k ]%o 
X 2 k r (t ) Xo . Thus (fTUj) is equivalent to 

[2X r (t)\u 2k ) xo - X 2 k r (t ) xo = (-l) fc ■ 2 ■ X 2 k r (t) X0 + (-l) k+1 X 2 k r (t ) Xo . 

Now to justify (fTTH) it suffices to prove the following. 

(—1)^+1 + l 

(11) [X r (t)\ 

u 2 k]xo — ( 1) ' X 2 k r (t) xo H - ■ X 2 k r .(t ) Xo . 

Since f Xo = f- f\u 2 (2z), both LHS and RHS of (PJ belong to K(Xi(20)). 

LHS of (ED ^(t)!^ -X r (t)| IWl (2«) = i [X r (t)\u 2h -X r (t)\ U2k (z+l/2)] 

j 1 2 fc -l 

z i=o j=o ' 02 ' 

which can have poles only at ( § \ ) _1 ( J 2 1- ) 1 ri(10)oo = ( ~ 2 | _J ) ri(10)oo. Let 
( %\ ) e Ti(10). Then ( 2 * +1 ) ( » * ) oo = (2 k+1 a - 2jc - ic)/(2c). Observe that g.c.d. 

Ol 



of 2 k+l a - 2jc - ic and 2c divides 2 k+2 . Write it as 2 l . Then s = ( 2k+la -^- ic )/ 2 ' j s Q f the 
form n/(5m) for some integer m and n with (5, n) = 1. Similarly, RHS of can have 
poles only at such cusps. Upto ri(20)-equivalence, cusp of the form n/(5m) is equivalent 
to one of 1/5, 2/5, 3/5, 4/5, 1/10, 3/10, 1/20, 3/20, 7/20, 9/20. 
s = 1/20,3/20,7/20,9/20 

We claim that for / G K(Xi(10)) and 70 = ( a c b d ) G r (20), 
(12) (/xo)Ito = (/ItoJxo- 

Indeed, the LHS of the above is (f—f\ U2 ( 2 p| 7o = f\y ~f\u 2 ( 2 )to' Meanwhile, the RHS 



of (O is /Itd-C/td)!^ 20) = /| 70 -(/|c/ 2 )l 70 ( 2 ) by LemmalU In order to claim (O it is 
enoughtoshowthat 7 Q(g?)7o- 1 (§ir 1 er 1 (10). In fact, ( %\ ) ( g ° ) ( • § J" 1 ( § ° )" x = 

( °ti/2 /2 -2& c +da ) e r i(l°)- Now we take / = x At)\u 2h (or X 2 k r {t) or X 2 k r {t )) and 
7o G T (20) which sends 00 to s. Then 

[ LHS of (ED ]| 70 = [^(0Ic/ 2 JxoIto = [[Mt)\u 2k U X0 
= [X r (t)| 7oC72 J xo by LemmalU 

which belongs to 0(1). And 

[ RHS of (fTT|) ]| 7o = (— l) k X 2 k r (t) Xo | 7o + ( ~ 1 - > 2 +1 • X 2 fc r (to)xol7o- Here we observe that 



X 2 fc r (t) Xo | 7o — [X 2 fc r (t)| 



70JX0 



x 2kr (t) xo , if 7o G±r 1 (io) 

O(l), otherwise 



which belongs to 0(1). In a similar way, we get X 2 k r (t@) Xo | 7o G 0(1). Thus [ RHS of (HU ]| 70 
0(1). Now LHS of (HH) - RHS of (03} is holomorphic at the cusps s = 1/20, 3/20, 7/20, 9/20. 
To deal with other cusps we need a sublemma. 
Sublemma. 



[X r (t)\u 2k }( 1 



iffc = l 



2r vi > 
(_i)fc+i + i 

2 
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hto r > iffc = l 



and 

[Mto)\uJ { io) = |\. g _ 2 ,- 2r + 0(1)> if fc > 2 
(proof of the sublemma) 

1 1 

l X r(t)\u 2k }( 10) = [^r(*)|[7 afc _J % ( 10) = - [X r (t) | ^ ] ( 1 )( 1 ) + - [X r (t) [^J ( 1 1 )( 1 
= ^[^(i)|^_J( 1 )( 1 ) + \[Xr{t)\u 2k ^ 13 -2 )( i o )( 2 1 ) 
= zMtM^iz/Z) + ^[Xr(to) - X r(t)]\u 2k ^( I )( g J ) + COIlst - 

by Lemma and Lemma [21 . 

Thus 

(13) [X r (t)\uJ (l 
Likewise, we have 



i?a r ; if A; = 1 



A I ? ) \i[X r (t ) - X r (t)]\ U2kM i o )( 2 i ) + 0(1), 



if k > 2. 



r > if k = 1 



(M) [A',(t„)kd ( , ;) - |I Xr(to ) k> _ i( J})(J1) +0(1) , iffc > 2 . 

Now we prove the sublemma by induction on k. 
If k — 1, it was done. 



If k = 2, 



X ^( t )lc/ 4 ( 1 5 ) = 2^*°) ~ X ^)]U( | 5 )( § } ) + 
= 0(1) by (0 and JT 



and 



^(«o)L, 4 ( i ?) = \x r (t ) H i o )( g i ) + 0(1) = 1 ■ e-""< 2 ««) + 0(1) 



+ 0(1). 
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Now let k > 3. 



lMt)\u 2k } { io) = \x r {h)\u 2k _ l{ i o )(2« + 1) - ^X r (t) | ^ ( x o ) (2z + 1) + 0(1) by m 

27ri-2 fc - 3 r(2z+l)^ _ \ _ (~ l) fc + 1 _ ^ g -27ri-2' c - 3 r(2z+l) _|_ (3(1) 



2 V 2 fe ~V J 2 2 V 2 fc "V 

by induction hypothesis for k — 1 



<r r ' + ^^-7^r 2 ~ r + o(i) 



2*r 2 2 fc r 

1 ^fi-'-^ + M+od) 



2 fc r 



1 _ 2k _a r /l + (-l) 



\fc+i 



2 fc r 

In like manner, the assertion for [X r (to)\u k ]( i o ^ can be proved. This completes the proof 



5 1 



of the sublemma. 

s = 1/5 

[LHS of (P) ]|(io) = W)yxol(io) = X r (t)| l/2fe( io) -^(*)|^ fc+1 (2 0)(io) 

— X r (t)\rj ( io\ — X r (t) | / -3 IV 1 W 1 -1 \ 

/iU 2k{ 5 1 J /ll/ 2 fc+i( -103 ){ 5 1 Jl 2 J 

= ^r(*)| &2fc ( 10)- [X r (t ) - Xr(*)]l^ +1 ( 1 )( 1 -1 ) + Const. 

by Lemma ^and Lemma El 

iq^ + he-^^ + Oil), if k = l 

0(1), if A; even by the sublemma 

-^- r q- 2 " 2r + ^r- r q- 2 " 2r + 0(1), if k > 3 odd 

£?2 r , if k = 1 

^^■(-^■g-^+Oa), if*>2. 

Observe that / Xo |( i o ) = -[/ - /|( 2 1 )]|( 1 ) = ~/|( 1 ) - |/|( 7 2 )( 1 -1 )■ If we take 
X 2 k r {t) (and X 2 k r (t )) instead of /, it then follows that X 2 k r (t) X0 \^ 1 ) = §X 2 fc r (t)|/ 1 ) — 
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\X 2 k r (t)\ ( 7 2 \i i -l \ e 0(1) and 
I 10 3 A o 4 J 



X^(io)xol( i ?) = 2^(io)|( io)- 2*2T(*o)l( r a )( i -i ) = -5 • ^ • e^**"^ + 0(1) 



-L ?2 - + 0(1), if* = l 

-2^-9- 2fc " 2r + 0(l), if A: > 2. 



Therefore 



1 ft' + 0(1), if fc = 1 



[ rhs of en ]l ( . ) = I ta^a . . 5 _ 2 ,-v) + 0(1)| if t > 2 . 

Now LHS — RHS is holomorphic at s — 1/5. 
s = 1/10 For all k > 1, 

[ LHS Of HU ]| ( i Q ) = [X r (t)|t/ 2 J X ol( 1, ) = ^r(*)|^( ^ ) - *r (*) 1^ ( g )( 1 q ) 

= ^r(t)|t/ afc -^(t)|^ afc+l (10 )( 20) 

g" 2 **" + 0(1) by the sublemma. 



2 2 k+1 r 

Observe that / Xo | ( i, ? ) = §[/ - /l( g i )]|( i o ) = |/|( i Q o ) - |/| ( 3 i )( 4 o )■ If we take 
/ to be X 2 k r (t) (or X 2 k r (t)), then it follows that 

**r(*)xol( 1}) = \x*r(t)\ { IO)" 2 X ^ WI ( | 2 )( 1 ) 
= ^17^ + 0(1) 

and 

^2*r(*o) X ol( 1,?) = 2lt+V 9 ~ 7 + 

Thus 

;-i) fe+1 + ^ i „_ 2 , r 



rhs ofea]i(i o) = ((-i) fc + v 7 2 ) ■ ^ ■ «r 2 r + 



l) fe + l 1 



- 2 2t+ - r -^ + o(i). 

Now LHS — RHS is holomorphic at s — 1/10. 

a = 2/5,3/5,4/5,3/10 
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Observe that 2/5 ~ 3/5 ~ 4/5 ~ 1/5 and 3/10 ~ 1/10 under r (20). Indeed, for c\N, 
a/c ~ a'/c in X (20) if and only if a = a' mod (c, N/c). Write s = 7 oSo with 70 € r (20) 
and s = 1/5 or 1/10. In we take / to be [2X r {t) - X r {t )]\u 2k - (-l) fc • [2X 2 k r {t) - 
^2 k r{to)}- By ()12|). Lemma ^and Lemma |2J we obtain that 

7xo, if 7o e±ri(io) 



(/xo)U = (/l 



70^X0 



^~/)xo + constant, if 70 ±ri(10). 
Note that 7o ( 5 ? ) or 7o ( 10 1 ) sends 00 to s according as s = 1/5 or s = 1/10. Moreover 
f xo is equal to LHS of © - RHS of (HDD. Finally (/ xo )| 7o( 1 ) = ±(/ xo )l( 1 ) e 0(1). 
And(/ xo )| 7o(i i ) o ) = ±(/ xo )| (i i o o ) GO(l). □ 



For positive integers a and b we define ip(a, b) as follows. First we assume that (10, (a, b)) = 

1. 

Case I: a odd and 6 odd. 



i/)(a,b) = 




if a = ±1 mod 10 or 6 = ±1 mod 10 
otherwise. 



Case II: a even and 6 odd. Write a = 2 h r with r odd. 

^, fe) = hio(b), if (10, 6) = 1 

1 (— l) fc • ipio(r), otherwise. 

Case III: a odd and b even. 

Put ip(a, b) = ip(b, a). 
In general, let 2 Q 5 /3 ||(a, 6) and define ip(a,b) = ^(^g-, ^f)- 

We write = £ meZ # m ,„<z m , *n(to) = E meZ ^,n? m , ^(t (2) ) = E m6 z#£W"\ and 

-^n(^o ) = Emez hm, n q m - 

Theorem 14. Lei N = 10. If ab = cd and (a,b) = (c,d), then 

ip(a, b) x (2# a ,& - ft, a , 6 ) = ^(c, d) x (2if C)t2 - /i C)d ). 
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Proof. Let 2 a ^\\(a,b) = (c,d). Write a' = b> = d = and d! = By 

Lemma El and Lemma IT^l 

(15) 2H ab — k ab = —;{2Ha b — ha ±_) 

Similarly, 

(16) 2H c4 - h c4 = |^g(2i? c ( ' 2 ,d' ~ ^d]d' + 2H c,d' - hd4>). 
Case I: a' odd and b' odd 

In this case (a', 10) = 1 or (&', 10) = 1. And (d, 10) = 1 or (tf , 10) = 1. By (*) it holds 
that ip(a',b') x (|15|) = if}(d,d f ) x (|16|) . This implies the assertion. 
Case II: a' even or b 1 even 

Since ip(a',b') = ip(b',a'), H a i b i = Hy ,a' and h a i ; y = hy >a i, we may assume that a' even 
and b' odd (resp. d even and d 1 odd). Write a' = 2 k ■ r with r odd (resp. d = 2 k ■ s with s 
odd) and k > 1. Then (r, 10) = 1 or (6', 10) = 1. And (s, 10) = 1 or (tf , 10) = 1. 
If (6', 10) = (d', 10) = 1, then by (*) 

Mb') x (2H% - h%) = Ud') x (2H% - h%) 

and 

4> 10 (b') x (2i/a# i6 / - /i / )6 ') = ^io(d') x (2if c / )d / - /l^ fd /). 

Notice that if}^{n) = if>io{n) f° r n prime to 10. We then have if} (a, b) x (|15|) = if>(c, d) x (|16|). 
If (&', 10) ^ 1 and (d', 10) = 1, then (r, 10) = 1. Note that (a', 5) = 1 and (d', 5) = 1. By 

(*) 

Ma!) x (2H% - h%) = Ud') x {2H% - h%). 
Since ip 5 (2 k r) = ip 5 (2) k if> 5 (r) = (—l) k i[> w (r), the above can be rewritten as 

(-l)tyw(r) x (2H% - h%) = ip 10 (d') x (2H% - h%). 

27 



By Lemma fHfl 

(17) ( — l) k (2H a / jb > — h a t t b>) = (—l) k (2H 2 k rb t — h 2 k r>b i) = (—l) k (2H b , 2 k r ~ hb>,2 k r) 

Since (r, 10) = (tf, 10) = 1, we obtain by (*) that ip 10 (r) x JT7J = ipio(d') x (2F c / )d / - h d>d >). 
This implies (-l)VioM x (2H a , 4 ,-h a , M ) = ip w (d') x (2H c , 4 ,-h c , 4 ,). Thus ^(o, 6) x (JTHD = 
ip(c,d) x ()16j) . The remaining cases (i.e. (V , 10) = 1 and (cf, 10) 7^ 1 or (&', 10) 7^ 1 and 
(<f, 10) 7^ 1) can be treated in a similar way. □ 
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